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Abstract 



O: 

J- We propose a description of all Ammann tilings of a plane, a half- 

r~| ■ plane and a quadrant. Using the description we show that there are 

"j^ \ continuum different Ammann tilings of a plane and half-plane, but 

only three tilings of a quadrant. It is well known that all Ammann 
tilings are aperiodic. We show how one can use this fact to construct 
^ . an aperiodic set of Wang tiles. 

> 

1 Introduction 

(N 

CN ; 1.1 Cutting a hexagon into similar parts 

There is a non-convex hexagon with right angles that has the following prop- 
erty. It can be cut into two similar hexagons so that the scale factors are 
equal to ip and ■0^, where < 1. As the square of the original hexagon should 
^ I be equal to the sum of squares of the parts, the number ip should satisfy the 

c3 1 equation 

iP^ + ^^ = l. 

That is, i/j"^ should be equal to the golden ratio (f = . 

Such cut is shown in Fig. [1] The numbers on sides indicate their lengths, 
which are powers of ip: a digit i means ip^. Using the equation ip"-'^'^ + ip^~^^ = 
tp^, it is easy to verify that the picture is consistent. 
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Figure 1: Cutting Ammann hexagon into similar parts. 

We will call any hexagon that is similar to those on Fig. [1] an Ammann 
hexagon. The size of an Ammann hexagon is defined as the length of its 
largest side. 

Are there other polygons that can be cut into two similar polygons with 
scale factors ip and il)"^! There is such right triangle: its altitude cuts it into 
two triangles that are similar to the original one; by adjusting the acute angle 
we can make the scale factors equal to if) and ip'^. The authors do not know 
any other such polygon. 

1.2 Self-similar tilings 

Defintion 1. In this paper, a tiling (more precisely, a d-tiling) is a non-empty 
set of Ammann hexagons that pair wise have no common interior points and 
each of them is either of size d (such hexagons are called large), or of size dijj 
(those are called small). A tiling T is a tiling of a subset A of the plane, or 
tiles A, if A equals the union of all hexagons in T, considered as subsets of 
the plane. 

Defintion 2. A tiling T is called periodic, if there is a nonzero vector v (called 
a period) such the result of transition of every hexagon if in T by vector v 
belongs to T. Otherwise the tiling is called aperiodic. 
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For example, the tiling shown in Fig. |2] is a periodic tiling of the plane. 



Figure 2: A periodic tiling of the plane. 

In this paper we study special tilings of the plane, half-plane or a quad- 
rant, which we call Ammann tilings. They are aperiodic and have other 
interesting features. Now we are going to define Ammann tilings. 

Cut a given Ammann hexagon into two Ammann hexagons, as shown 
in Fig. [TJ Then cut again the largest of the resulting hexagons into two 
Ammann hexagons. We obtain three parts: two large Ammann hexagons 
and one small Ammann hexagon. Again cut each of two large Ammann 
hexagons into two Ammann hexagons and so on. On each step we have a 
tiling consisting of Ammann hexagons of two sizes, which are denoted by L 
and S: 



and cut all its large hexagons: 



Small hexagons become large, and each large one is cut into a small one and 
a large one. All the resulting hexagons are similar to the original one, and 
the scale factor is a power of tp. Tilings obtained in this way will be called 
standard Ammann tilings. 

The operation used in this scheme will be called refinement, and the 
reverse operation will be called coarsening. 

Defintion 3. The refinement of a rf-tiling T is the dip-iWrng obtained from T 
by cutting each large hexagon into two Ammann hexagons of sizes dip and 
sip"^, as shown on Fig. [H and keeping all small hexagons intact. If T is a 
refinement of S", then S is called a coarsening of T. 

A (i?/'"-tiling obtained form a single Ammann hexagon H of size d by n 
successive refinements will be called a standard tiling of level n. A standard 
tiling of level 8 is shown in Fig. |3l 




Figure 3: A standard tiling of level 8. In the right hand picture lines have 
different thickness to make the recursive structure visible. 

Observe that for any n ^ 2, every standard d-tiling of level n is a disjoint 
union of a standard cZ-tiling of level n — 1 and a standard d-tiling of level ra — 2, 
and every standard d-tiling of level 1 is a disjoint union of a standard (i-tiling 
of level and a (i-tiling consisting of a single small hexagon. Therefore it is 
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convenient to call {H}, where if is a hexagon of size dip, the standard d-tiling 
of level —1 of H (so that the above rule be valid for all n ^ 1). A standard 
tiling is determined by the initial hexagon and by n or d. We will use both 
ways to identify a standard tiling. 

In this paper we study tilings T of convex sets that look locally as standard 
tilings. What does it mean? It means that any finite subset of T is a subset 
of a standard tiling. 

Defintion 4. A tiling T is an Ammann tiling if for all finite W G T there is 
a standard Ammann tiling T' with W G T' . 

Ammann tilings of convex subsets of the plane have several interesting 
properties. In this paper, 

• we prove that if an Ammann tiling tiles a convex set then that set is a 
plane, half-plane or a quadrant; 

• we prove that all Ammann tilings of convex sets are aperiodic; 

• we present a way to construct continuum different Ammann tilings of 
the plane and half-plane, and prove that there are exactly 3 different 
Amman tilings of a quadrant, 

• we present a description of all Ammann tilings of a plane, half-plane 
and a quadrant, 

• we apply Ammann tilings to construct an aperiodic set of Wang tiles [3]. 

Notice that so far we have not even shown that there is an Ammann 
tiling of the entire plane. However, this is not a big deal. Indeed, we have 
already mentioned that every standard d-tiling T„ of level n ^ 1 is a union 
of a standard (i-tiling T„_i of level n — 1 and a standard (i-tiling T„_2 of level 
n — 2. Given any standard standard (i-tiling T„_i of level ri — 1 it is not hard 
to find a standard (i-tiling T„_2 of level n — 2 so that together they form a 
standard tiling r„ of level n. In this way we can construct a sequence of 
tilings To,Ti,T2, . . . such that T„ is a standard tiling of level n and T„ is 
a subset of T„+i. (Such sequence is uniquely defined by the choice of Tq.) 
Observe that the union T = IJ^o ti^^s the entire plane. On the other 
hand, by its construction T is an Ammann tiling. 



5 



2 Local rules 



To fulfil the program we will give an equivalent more constructive definition 
of Ammann tilings of convex sets. We will do that be stipulating some its 
local properties and call proper all tilings that have those properties. Then 
we will prove that proper tilings satisfy all the statements we want to prove 
for Ammann tilings. In particular, we will describe their structure, which 
will imply that every proper tiling of a convex set is Ammann. 

Call Ammann hexagons A, B adjacent, if they have no interior common 
points and their boundaries share a common segment (of positive length). 
It turns out that there is a local rule to attach Ammann hexagons to each 
other such that any tiling of a convex set obeying that rule is an Ammann 
tiling (and vice verse). We will define two such rules. 

Local Rule 1. Call a pair {A,B) of adjacent Ammann hexagons allowed 
if there is a standard Ammann tiling that has both hexagons A and B. A 
tiling obeys this rule, if all pairs of adjacent hexagons in it are allowed. This 
is a weakening of the condition which defines Ammann tilings, therefore we 
will call such tilings weakly Ammann tilings. 

This rule is still not very constructive, as we do not list all allowed pairs|3 
Therefore we define another, more constructive, local rule. 

Local rule 2. Colour in a given (i-tiling the sides of large and small Am- 
mann hexagons, as shown in Fig. IH^b) andlUJ^c). The sides of hexagons in 
this figure are divided into segments labeled by digits with arrows. Digits 
represent the colours and arrows identify orientations of segments. Digits 
correspond to the length of the segments (identify powers of ip). This colour- 
ing of a given tiling will be called standard. A tiling is called proper if for 
every pair of adjacent hexagons G all adjacent points in H, G have the 
same colour and coloured segments have the same orientation. 

Remark 1. For tilings of convex sets Local Rule 2 can be weakened without 
changing the class of proper tilings. Namely we can drop the requirement 
that adjacent segments of two different hexagons have the same orientation. 
Tiling obeying the weakened rule will be called almost proper. We will show 
in Appendix that all almost proper tilings of convex sets are proper (again 
just for fun). 

Theorem 1. Every standard tiling is proper. 

^ Just for fun we present the list of all allowed pairs in Appendix, but do not prove that 
all pairs missing in the list are not allowed. 



6 



4 6 



6 4 
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6 4 



(a) 



(b) 



(c) 



Figure 4: Coloring of the sides of Ammann hexagons 

Proof. By induction: we will show that if a tiling is proper then so is its 
refinement. To verify this colour an Ammann hexagon of size d as a large 
hexagon (Fig.Hl^b)). Then cut it into Ammann hexagons of sizes dip and dip"^, 
as shown on Fig. [H Change the coloured segments of the original hexagon 
using the following substitution: 

6 5 

The reverse arrows in ^ and ^ mean that the transformat_ion reverses the 
orientation. After that colour the cut by colours 4 , 5 , 6 , as shown in 
Fig. m^a). We will obtain two coloured hexagons shown in Fig.HJ^a). They are 
coloured exactly as a large and small hexagons hexagons (Fig.HJ^b) andlD^c)). 
One can verify this just by comparing Fig. lU^a), \MJo) andSJ^c). 

On the other hand, the same transformation of colours applied to any 
small hexagon (Fig.Hl^c)) results in its colouring as a large hexagon (Fig.Hl^b)). 

Therefore refinement and subsequent re-colouring of a given standardly 
coloured tiling gets its standardly coloured refinement. As the transformation 
on colours we use is deterministic, this implies that a refinement of a proper 
tiling is proper as well. □ 
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Remark 2. It is not surprising that the transformation used in the proof 
decreases the digits 6,5,4 by 1: refinement corresponds to rescahng using 
the scale factor tp. The digit 3 might be transformed to the digit 2, which 
corresponds to 4 + 6 (more precisely, ip"^ = ip'^ + ip^). 

Corollary 2. Every weakly Ammann tiling is proper. 

Proof. Let T be an Ammann tiling. Let A, i? be a pair of its adjacent 
hexagons. Being allowed, the pair {A, B) appears in a standard tiling, which 
is proper by Theorem [H The latter implies that all adjacent points of A and 
B have the same colour and orientation of adjacent coloured segments in A 
and B is the same. □ 

Thus the inclusions between the defined sets of tilings are the following: 
Ammann tilings C Weakly Ammann tilings C Proper tilings. 

Both inclusions are proper for tilings of arbitrary sets. For instance, a 
proper tiling which is not weakly Ammann is shown in Fig. [5l It is not hard 



Figure 5: Proper tiling which is not weakly Ammann 

to demonstrate that the shown pair of hexagons is not allowed. However, for 
tilings of convex sets, all the three families coincide. In other words: 

Theorem 3. Every proper tiling of a convex set is Ammann. 

This theorem is implied by the properties of proper tilings presented in 
the next section. The weaker statement asserting that every proper tiling (of 
a convex set) is weakly Ammann can be proved ad hoc by considering a large 
number of cases. Namely, one can consider all properly attached pairs (A, B) 
of Ammann hexagons (i.e., attached so that the adjacent coloured segment 
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have the same colour and orientation), and for each such pair either find that 
pair in Fig. E] (it turns out that there are 15 such pairs, hsted in Appendix) 
or show that the pair cannot occur in a proper tihng of a convex set (the 
latter can be verified by trying all the ways to fill the cavity in AU B, then 
trying to fill the cavity in the resulting figure and so on, and showing that 
all the ways are not successful). 

3 The structure of proper tilings 

We will prove here that every proper tiling (of a convex set) has a coarsening 
which is again proper. Then we will define infinite tilings that are very similar 
to standard tilings (in particular, they are Ammann tilings), called infinite 
standard tilings. Every infinite standard tiling tiles either the entire plane, 
or a half-plane or a quadrant. Then we will show that every proper tiling 
is either an infinite standard tiling or consists of two or four symmetrical 
infinite standard tilings. Infinite standard tilings have a clear structure. So 
we will get a clear understanding how proper tiling may look like. Using it 
we will prove that every proper tiling is Ammann. 

3.1 Coarsening proper tilings 

We introduce first some terminology and notation. Look at the hexagon in 
Fig. [H call it A. The hexagon A is cut into a small and a large hexagons, 
denote them by S and L, respectively. We will call S the son of A and L 
the daughter of A. Similarly, S will be called the sister of L, while L will be 
called the brother of S. The hexagon A be called a parent of both L, S. Also, 
A will be called the father of L and the mother of S. An important property 
of these relations is the following: each Ammann hexagon has the unique 
son, daughter, brother, sister, father and mother. This is easy to verify by 
mere examining the shape of Ammann hexagons. 

Lemma 4. (a) For each d-tiling T there is at most one d/tp-tiling S such 
that T is a refinement of S . (b) For each proper d-tiling T of a convex set 
there is such S (every proper tiling has the coarsening), (c) The coarsening 
of every proper tiling of a convex set is proper. 

Proof, (a) The first statement is almost obvious. Indeed, as we mentioned, 
every small hexagon (of size dil^) has the unique brother. If the brother of 
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some small H G T is not in T then T has no coarsening. Otherwise the only 
tiling S whose refinement equals T is the tiling obtained from T by replacing 
each pair (brother, sister) by its common parent. (Some large hexagons in 
T might have no sisters in T, those hexagons become small hexagons in the 
coarsening of T.) 

(b) Let T be a proper tiling of a convex set. We need to show that the 
brother of every smajl_ hexagon H E T belongs to T. Indeed, the cavity in 
H formed by arrows 5 , 6 is somehow filled by another hexagon in T, call it 

G. Notice that only large Ammann hexagons have a right angle with arrows 
5 , 6 thus G is a large hexagon. There is only one such angle in every large 
hexagon and only one way to properly attach large hexagon to a small one 
to fill the gap, namely the way shown in Fig. ID^a). Thus G is necessarily the 
brother of H. 

(c) Let T be a proper tiling of a convex set and T' its coarsening. As 
we have seen in the proof of Theorem [1], the standard colouring of T can be 
obtained from that of T' using the transformation ([1]). This transformation 
is injective except for the colour 4. This means that given the colour c and 
orientation of any point of hexagon in T we can reconstruct its colour in T' 
using the table ([1]), except the case c = 4. This shows that T' is proper 
except possibly for the points that have colour 4 in T. 

The fate of points coloured 4, however ^_^ight depend on the hexagon. A 
segment coloured 4 in if G T_becomes 5 in T' in either of the foUomng 
cases: (a) it is not preceded by 6 in if or (b) is preceded by a segment 6 in 
H that is shared by the sister K E T of H (Fig. 111(a)). Otherwise the segment 
coloured 4 in if G T becomes a part of segment coloured 3 in T'. Thus we 
need to verify that the standard colouring of T has the following property: 
if a hexagon H G T_has a pattern 6 4 and another hexagon G E T shares 
with^if the arrow 4 from tlm pattern, then the arrow 4 is also preceded 
by 6 in G or that segment 6 is shared by the sister i^ G T of if._This is 
almost straightforward. Indeed, as T tiles a convex set, the arrow 6 must 
be shared by another hexagon K E T (different from H). We need to show 
that K and G coincide or K is the sister of H. Assume that K ^ G. Then 
they are separated by a line segment, as shown in Fig. O Thus the end of 
that arrow 6 is the angle of K. Notice that that might happen only if K 
is a small hexagon and 6 is an edge of its cavity. Thus K is the sister of 

H. □ 

The tiling obtained from a tiling T by i coarsenings (if exists) will be 
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H 


6 


4 


K 


G 



Figure 6: Hexagons H and K share the arrow 6 

denoted by T[i] and T[—i] will denote the tiling obtained from a tihng T by 
i refinements. 

Corollary 5. Every proper tiling T of a convex set is aperiodic. 

Proof. Assume that T has a period v. Then v is also a period of the coars- 
ening T[l] of T (indeed, the refinement of T' + f is equal to the tiling T + v, 
which equals T by the assumption; thus T[l] + v and T[l] have the same 
refinement and hence coincide by Lemma H]). Similarly, f is a period of the 
coarsening T[2] of T[l]. And so on. Note that the coarsening increases the 
sizes of hexagons. Thus, on some step, v becomes smaller then the lengths 
of all sides of hexagons and we get a contradiction. □ 

Remark 3. Actually we have shown more. Assume that / is a mapping 
defined on the points of the plane such the distance between x and f{x) is 
bounded by a constant. Assume that the image f{H) of every hexagon H 
from a proper tiling T of a convex set is in T as well. Then f{H) = H for 
all H eT. 

3.2 Infinite standard tilings 

In this section we generalize the construction from Section [1] used to build a 
proper tiling of the plane. 

Let Aq, Ai, A2, . . . be an infinite sequence of Ammann hexagon such that 
the size of Aq is d or dip and for all n ^ 0, An+i is the mother or the father 
of An- Let Tn stand for the standard (i-tiling of An- Then T„ C Tn+i for all 
n, except one case: if Aq has size dip and Ai is its mother, then Tq = {Aq} 
and Ti = {v4i}. Thus assume additionally that Ai is the father of Aq if Aq 
has size dip. Then IJ^o-^" ^ d-tiling. We will call (i-tilings of this form 
infinite standard d-tilings. 



11 



For example, if the size of Aq is d and for all n, An+i is the father of 
An then Tq, Ti, T2, . . . is a sequence of standard (i-tilings of levels 0, 1, 2, ... . 
The union of them is an Ammann tiling of the plane, used in Section [1] as an 
example of such tiling. 

Every infinite standard tiling is Ammann and hence proper. The first 
natural question about infinite standard tilings is the following: what part of 
the plane do they tile? The second one is: are all infinite standard tilings the 
same (up to similarity)? We will show that there are infinitely many (even 
continuum) different infinite standard tilings and they might tile the entire 
plane, a half-plane and a quadrant. 

3.3 When an infinite standard tiling tiles the entire 
plane? 

It turns out that there is a simple description of infinite standard tilings that 
tile the entire plane. Infinite standard tilings are described as follows. Denote 
by A I— 7- Al, A As the mappings that map each Ammann hexagon to its 
father and mother, respectively. Every infinite standard (i-tiling is identified 
by the hexagon Aq and the sequence a of operations /, s such that An+i is 
obtained from An by the nth operation from a. Such tiling will be denoted 
by {Ao}a. 

Theorem 6. (a) An infinite standard tiling {H}a does not tile the entire 
plane iff a tail of a consists of the blocks s and Isl. (h) In this case (when 
{H}a does not tile the plane) the tiling {H}a tiles a half-plane or a quadrant. 
More specifically, it tiles a quadrant iff a tail of a consist of alternating I and 
s (in other words, blocks s and Isl alternate: s-lsl-s-lsl-. . .). 

Proof, (a) Let us start with a simple observation: 

Lemma. // a part of the plane tiled by an infinite standard tiling {H}a 
interests a vertical line and intersects a horizontal line, then it includes the 
common points of the lines. 

Proof. Let Tq = {H} and let Tj be obtained from Ti_i by the ith transfor- 
mation from a. Let Hi stand for the Ammann hexagon tiled by Tj. For 
some i both lines intersect H^. This does not imply yet that Hi contains 
their common point, as it might happen that it falls into the cavity of Hi. 
However in this case it falls into -ffi+i. □ 
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By the lemma every convex proper subset of the plane tiled by an infinite 
standard tiling does not intersect a vertical or a horizontal line. Hence it lies 
in one of the two half-planes defined by that line. 

Consider the distance from the hexagons Hi to that line. As i is incre- 
mented by 1, the distance decreases at least by some non-negative di. The 
sequence {di} is non-decreasing, hence starting from some i the distance does 
not change. 

Therefore there is a line that touches almost all hexagons Hi. W.l.o.g. 
we may assume that it is a horizontal line and that all Hi lie above it. For 
almost all i the hexagon Hi has a side that lies on that line. Let us see what 
side of Hi that can be and how it changes as i increments. 

We will view Ammann hexagons as small chair having the top, the back, 
the front, and the bottom: 

top 



n3 



bottom 

The transformations / and s change the side of H^ that lies on the line as 
follows: 

s 



O 



back 


I 


bottom 






I 




I 




top 




front 



This fact is easy to verify by observing the cut in Fig. [TJ If a transition is 
absent in this table, then that transition is impossible — the new hexagon 
would cross the line. 

Thus, the "back" of Hi should infinitely many times lie on the line. Be- 
tween two such z's only the transition s or a sequence of transitions Isl may 
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occur. This completes the 'only if part of statement (a). 

Conversely, assume that a tail of a consists of blocks s and Isl. W.l.o.g. 
we may assume that a itself consists of blocks s and Isl. Consider the line 
passing through the "back" of the hexagon H. Then all hexagons Hi lie 
in the same half-plane as H does. Hence the tiling {H}a tiles at most a 
half-plane. 

(b) Let us prove that if a = where /3 consists of the alternating 
transformations s and /, then {H}a tiles a quadrant. Assume first that u 
is empty. The mapping si transforms the small green (grey in the black 
and white image) hexagon into a large hexagon that is inscribed in the same 
quadrant. 



Therefore infinite number of applications of the transformation si fills up the 
quadrant but not more. If u is not empty, then the same arguments apply 
to the hexagon Hu. 

Assume now that a tail of a consists of the blocks s and Isl but they do 
not alternate. That is, the tail has infinitely many occurrences of ss or Isllsl. 

Transformation s maps a hexagon that lies on a line on its back to a larger 
hexagon that also lies on the same line on its back. The second application 
of s increases the part of the hexagon that belongs to the line in the other 
direction. 



Thus if a tail of a has infinitely many occurrences of ss (and consists of blocks 
s and Isl) then its application to an initial hexagons fills up a half-plane. 

Similar arguments apply when a has infinitely many of occurrences of 
Isllsl. The mapping Isl also maps a hexagon that is attached to a line by its 
back to a larger hexagon that is again attached to the same line by its back. 
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Thus the double apphcation of Isl increase the area of attachment in both 
directions. □ 



3.4 Decomposing a proper tiling into a union of infinite 
standard tilings 

Let T be a standard ci-tihng of a hexagon A and H E T. Then A can 
be obtained from H hj a unique sequence u of transformations /, s. (For 
example, let H denote the hexagon in the bottom left corner of the tiling 
T shown on Fig. [3J Then the sequence is Islsll.) This is easily shown by 
induction on the level n oi T . If n = —1,0, the sequence is empty (in this 
case A = H and T = {H}). Otherwise the last letter of u is necessarily 
/, if H is covered by the son of A, and is necessarily s, if it is covered by 
the daughter of A. In the first case we can apply the induction hypothesis 
the tiling of level n — 1 of the son of A. In the second case we can apply 
the induction hypothesis the tiling of level n — 2 of the daughter of A. This 
unique sequence u will be called the address of H in the standard ci-tiling of 
A. 

We want to define a similar notion for proper tilings T of convex sets. In 
this case the address is an infinite sequence and is defined as follows. Let T 
be a proper (i-tiling of a convex set and H E T. Let i be a natural number 
and A be a hexagon in T[i]. Then T is a disjoint union of standard (i-tilings 
of A over all hexagons A in T[i]. Thus there is a unique A G T[i] such that 
H belongs to the standard (i-tiling of A. And hence there is a unique 
such that Hui G T[i]. For all i the sequence is a prefix of Mj+i. Indeed, if 
HuiJ^i is a small hexagon in T[i + 1], then Hui+i is in T[i\ as well and hence 
Ui = Mi+i. Otherwise Hui is a son or a daughter of Hui+i and hence Uj+i 
is obtained from Ui by appending / or s. Thus Wj's are prefixes of a unique 
infinite sequence a, which is called the address of H in T. Notice that if a 
is the address of a in T then the tiling T = {H}a is a subset of T. 

Lemma 7. // a is the address of H in an infinite standard tiling T then 
T = {H}a. 
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Proof. Being standard, T equals {G}P for some infinite sequence of trans- 
formations /3 and some Ammann hexagon G. As H belongs to T, there are 
u, (3' such that (3 = u(3' and H is in the standard d-tiling of Gu. Let v be the 
address of H in that d-tiling, that is, Hv = Gu. Thus the address of if in T 
equals v/S' and T = {Gju/S' = {H}vl3' = {H}a. □ 

Theorem 8. Each proper tiling T of a convex set is a union of one, two or 
four disjoint infinite standard tilings. Such decomposition is unique. 

Proof. Let H he a hexagon from T and let a be its address in T. If {H}a 
coincides with T then T is standard. Otherwise pick any hexagon G in 
T\ {H}a and let (3 be its address in T. The standard tiling {G}(3 generated 
by G is disjoint with {H}a. Indeed, assume that they share a hexagon K. 
Let 7i,72 be the addresses of K in {H}a, {G}f3 respectively. As both these 
tilings are subsets of T, the sequences 71,72 are the addresses of K in T, as 
well. Thus 7i = 72 and by Lemma [7] the tiling {K}'yi coincides with both 
{H}a,{G}f3. 

As each proper tiling covers at least a quadrant, in this way we can rep- 
resent T as a disjoint union of one, two or four infinite standard tilings. Such 
representation is unique, as we have already shown that any two intersecting 
infinite standard sub-tilings of T coincide. □ 

In the next section we answer the question when infinite standard d-tilings 
are congruent. 

3.5 When standard d-tilings are congruent 

Obviously, finite standard (i-tilings are congruent iff they have the same level. 
The level of the tiling {H}a can be computed as the sum of the level of {H} 
(which is zero if H is large and —1 if if is small) and of the weighted length 
of the sequence a, which is defined as the number of occurrences of / plus 
the doubled number of occurrences of s. This answers the question for finite 
standard tilings. 

For infinite standard tilings the answer is provided by the following 

Lemma 9. Infinite standard d-tilings {H}a and {G}(5 are congruent iff 
a = wf and /3 = f 7 for some u, v, 7 such that the tilings {H}u and {G}v are 
congruent. 
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Proof. The 'if part is straightforward. The 'only if part: assume that {H}a 
and {G}f3 are congruent. W.l.o.g. we may assume that they coincide (oth- 
erwise apply an appropriate isometry to H). Let f be a prefix of (3 that is 
so large that Gv includes H, and let (3 = vj. Then Hu = Gv for some u. It 
remains to show that a = wy. This follows from the fact that both sequences 
a and wj are addresses of H in the tiling {H}a: 

{H}u-f = {G}v-f = {G}/3 = {H}a. 

□ 

The lemma implies that there are continuum (non-congruent) Ammann 
(i-tilings. Moreover, there are continuum standard tilings of the plane and 
a half-plane. We will show now that there are only three proper tilings of a 
quadrant. 

3.6 Proper tilings of a quadrant 

From the previous section it follows that every proper tiling of a quadrant is 
standard. To show that there are only three such tilings we will use Lemma [9l 
Let {H}a be a standard tiling of a quadrant. W.l.o.g. we may assume that 
if is a large hexagon. Call sequences a, P of transformations /, s equivalent if 
a = wf and P = vj for some u, v of the same weighted length. By Lemma [9] 
{H}a and {H}(3 are congruent iff a and (3 are equivalent. 

By Theorem [H] if {H}a (where if is a large hexagon) tiles a quadrant 
then a has a tail slsl .... Let us show that there are three non-equivalent 
sequences a having such tail, namely 

slsl . . . , Isls . . . , Usls ... (2) 

Indeed, in every sequence of transformations, we can replace s by //, and back, 
without changing the equivalence class of the sequence. Therefore w.l.o.g. 
we may assume that a = uslsl . . . where u consists of /'s only, u = II . . .1. 
Replace in u every triple of consecutive /'s by si. In this way we get one of 
the sequences ([2]), depending on the residue of the length of u modulo 3. 

On the other hand, it is easy to verify that the three above sequences are 
pair wise non-equivalent. On can see in Fig. [3] how look the corresponding 
tilings. The first one is obtained if we put the origin of the quadrant in the 
top right corner. To obtain the second tiling imagine that the bottom left 
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corner is the angle of the quadrant and for the third one — the bottom right 
corner. 

Notice that three tihngs have pairwise different sequences of colours on 
the sides of the quadrant (we will use this fact later). Indeed, for the first 
tiling (defined by the sequence slsl . . . ) they start with 

44664 . . . , 3553 . . . , 
for the second tiling (defined by the sequence Islsl . . . ) they start with 

644446 . . . , 335 ... , 
and for the first tiling (defined by the sequence llslsl . . . ) they start with 

46644 . . . , 533 ... . 

3.7 Proper tilings of the plane and of a half-plane 

There are proper tilings of the plane or a half-plane which are not standard. 
Indeed, we can pick any tiling of a half-plane and complete it using an axial 
symmetry to a tiling of the entire plane. The resulting tiling of the plane is 
non-standard, as it consists of at least two standard components. In a similar 
way, from any tiling of a quadrant, we can construct a non-standard tiling 
of a half-plane. However, it turns out that this is the only way to construct 
a non-standard tiling of a convex set. More specifically, every non-standard 
proper tiling of a convex set has an axe of symmetry, thus it consists of two 
symmetrical proper tilings. 

Theorem 10. (a) Every proper tiling of a half-plane is either standard, or 
consists of two axial symmetrical proper tilings of quadrants separated by its 
axe of symmetry, (b) Every proper tiling of the plane is either standard, or 
consists of two axial symmetrical proper tilings of half-planes separated by its 
axe of symmetry. 

Proof, (a) Let T be a proper tiling of a half-plane. As we have seen, it is 
either standard or consists of two disjoint standard tilings of quadrants. 

Assume the second case. Then those quadrants must be separated by 
a ray that is orthogonal to the edge of the half-plane. As T is proper, the 
tilings of the quadrants have the same sequence of coloured segments on 
the separating ray. As we noticed in the last paragraph of Section 13. 6^ this 
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implies that the tilings are also the same, that is, the axial symmetry where 
the axe is the separating ray maps one tiling to the other. 

(b) Let T be a proper tiling of a half-plane. Call the set of coloured 
oriented segments of hexagons in T lying on the edge of the half-plane the 
shadow of T. Each segment in the shadow is identified by the triple (start 
point, end point, colour). To prove the second statement we need to show 
that different tilings of a half-plane have different shadows. 

Lemma 11. Given the shadow of a proper tiling T of a half-plane we can 
reconstruct the tiling. 

Proof. We claim that the shadow of any proper tiling T of a half-plane is 
composed of blocks 

Indeed, as we have seen in the proof of Theorem [6l only backs, fronts and 
tops of hexagons of a proper tiling can lie on the edge E of the half-plane tiled 
by it. In particular, this holds for the double coarsening T[2] of T. A quick 
look at ^ig^ [Reveals that the backs, fronts and tops of hexagons consists of 
blocks 6 4,5 3,3,4. The double transformation ([1]) maps these blocks 
to 446, 335, 35, 46, respectively. _^ 

The partition of the shadow into these blocks is unique (every 6 may 
be grouped_only with the next 4 and every 'single' 4 can be grouped only 
with next 4 6 ; the same arguments apply to blocks of odd digits). 

We claim that any of the blocks 446,335,35,46, identifies an 
Ammann hexagon or^a_|)air of hexagons in T touching E, the edge o^he 
half-plane. Indeed, 6 4 4 can be only the_bad^of a large hexagon, 6 4 
can only be the bottom of a small hexagon, 5 3 3 can only be the back and 
top of a pair (sister, brother) and 5 3 can only be the bottom of a large 
hexagon. This is easy to verify looking at Fig. |H 

Thus we obtain a procedure to reconstruct a given tiling T from its shadow 
in the strip of width dip'^ near E. Using this procedure we can actually find T 
in any strip along E. Indeed to reconstruct T in the strip of width dip'^'^ near 
E first find the shadow of the tiling T[i] obtained from T by i coarsenings 
(applying to the given shadow reverse transformations to ([1])). Then apply 
the above procedure to reconstruct Tj in the strip of width dtp'^~'^ near E. 
Finally, apply i refinements to the obtained tiling. □ 

This completes the proof of Theorem [TOl □ 
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3.8 The proof of Theorem [3] 

Now we are able to prove Theorem [31 Let a proper tiling T of a convex set 
be given and let W he a. finite subset of T. We have to show that is a 
subset of a standard tiling. 

If W is included in one standard component of T then we are done. Oth- 
erwise, T is a union of = 2 or /c = 4 standard tilings {Hi}ai, . . . , {Hk}ak 
where Hi, . . . ,Hk are axial symmetrical. As the tilings are axial symmet- 
rical, the sequences ai, . . . , coincide. Let m be a prefix of ai such that 
the tiling {Hi}u U ■ ■ ■ U {Hk}u includes W. li k = 2 then w.l.o.g. we may 
assume that the hexagons Hiu and H2U share the common back lying on 
the axe of symmetry (Fig. [7]). If A; = 4 then w.l.o.g. we may assume that 
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Figure 7: The tiling W is covered by two symmetrical hexagons. 

the hexagons Hiu, H2U, H^u, H^u touch the axes of symmetry by their backs 
and bottoms (Fig. |8]). The pair of hexagons shown in Fig. [7| can be easily 
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Figure 8: The tiling T^is covered by four symmetrical hexagons. 

found in Fig. El thus belongs to a standard tiling. The same applies to the 
quadruple of hexagons shown in Fig. [HI Refining that tiling several times we 
will obtain a tiling including W. This completes the proof of Theorem [3l 

In the next question we study a very special question motivated by 
Lemma [Til which information in the shadow of a tiling of a half-plane is 
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essential to restore the tiling. The results in there are not used in the subse- 
quent sections. 

3.9 Recovering tilings of half-plane from its edge 

A natural question regarding Lemma [TT] is the following: how much informa- 
tion from the shadow we need to recover a tiling of a half-plane? To answer 
the question, define the reduced shadow of a tiling T of a half-plane as the set 
of vertices of hexagons in T that belong to the edge E of the half-plane (we 
have removed from the shadow the information about the division of sides of 
hexagons in coloured oriented segments). 

Theorem 12. Given the reduced shadow of a proper d-tiling of a half-plane 
we can restore the tiling. 

Proof. Let T be a proper ci-tiling of a half-plane and let S be its shadow. 
Let E denote the edge of the half-plane. The shadow divides E into seg- 
ments. Which lengths might those segments have? The top of a small 
hexagon cannot lie on E. Thus the shadow divides E into segments of lengths 
d, dip, dip"^, dip^. 

Let us denote the sides of lengths d, dip, dip'^, dip^ by 0, 1, 2, 3, respectively. 
Let us orient them as shown in Fig. [9] (cf. Fig. H] (b,c)): 

if = 't^^, 't = ^V, ~i = (3) 



Lemma 13. (a) The edge of any proper tiling of a half-plane includes ei- 
ther segments 0, 2, or segments 1, 3. In the first case only the following 
combinations can occur: 

^if, trV, trif, iftr. 

In the second case only the following combinations can occur: 

T^, tt, YT, TY. 
(b) Refinement transforms oriented segment as follows: 



(4) 
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Figure 9: Orientation of sides on the edge of a half-plane 



Proof. The statement (b) can be verified by transforming equations using 
the table 

Let us prove (a). If a sequence satisfies (a) then the result of applying 
transformation (j4]) to it also satisfies (a). This can be verified by transforming 
all the allowed pairs of symbols (i.e. those listed in (a)) and checking that 
all the pairs of consecutive symbols in the resulting sequences are allowed. 
Therefore the sequence of 0, 1, 2, 3 on the back of every finite standard tiling 
satisfies statement (a). 

Let us first prove (a) for infinite standard tilings that tiles a half-plane. 
For such tilings, the sequence of 0,1,2,3 on the edge of the half-plane is 
equal to the limit of similar sequences for its finite parts. This proves (a) for 
infinite standard tilings. 

Thus it remains to show (a) for tilings of a half-plane composed of two 
symmetrical infinite standard tilings of quadrants. Let E be the edge of such 
a tiling and let the axe of symmetry divide E into rays Li, L2. And let the bi- 
infinite sequence of oriented segments a along E be divided by that axe into 
ai,a2- We have already proved (a) for infinite standard tilings. Therefore 
both sequences ai, 02 satisfy (a). Thus we need only show that the pair (last 
segment of ai) (first segment of 02) is allowed. Recall that near the origin 
of the quadrant the tilings of quadrant look like the tiling shown in Fig. [3] 
near its three corners: the bottom left corner, the bcrttom^ight ^mer_aiKi 
the top right corner. So we obtain 6 possible pairs: 00, 1 1, 00, 33, 




are allowed. 



□ 
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Let us go on with the proof of the theorem. Every sequence satisfying 
the item (a) of the lemma has at most one pre-image under the transforma- 
tion (jl]). For sequences composed of Is and 3s this is obvious. And sequences 



composed of Os and 2s can be uniquely decomposed into blocks of 2 , 2 , 



The next observation is the following. If in a sequence satisfying (a) the 
orientation of arrows is dropped then we can restore it. Indeed, assume first 
that the sequence in question is composed of Os and 2s. Then the orientation 
of 2s is restored by looking whether a given 2 is preceded or^fc^owed by_^ 
(and both cases cannot happen simultaneously, as the blocks 2 and 2 
are not allowed). In this way we restore the orientation of all 2s and Os 
following them. The orientation of the remaining Os is restored using the 
fact that it alternates. For sequences composed of Is and 3s, the observation 
is proved in an entirely similar way. 

Given the reduced shadow of a proper tiling of a half plane we first 
restore the orientation of each segments of E, as described above. Using 
Equations ([3]) we restore the full shadow and then restore the tiling by 
Lemma [TTl □ 

Is it possible to restore the tiling of a half-plane from a "half" of infor- 
mation in its shadow? More specifically, assume that a proper tiling T of 
a half-plane with the edge E is given. Assume that a ray R lying on E is 
given. Drop from the shadow S of T all segments that do not belong to the 
ray R. Is it always possible to recover the tiling T from the remaining part 
of the shadow? The answer is negative. 

Lemma 14. There are two different tilings Ti,T2 of the same half-plane with 
an edge E and a ray R on E such that Ti and T2 have the same sequence of 
oriented coloured segments inside R. 

Proof. Let us reformulate the statement of the theorem in more combinatorial 
terms. The edge of any tiling of the half-plane is divided by the sides of its 
hexagons into oriented segments 0,1,2,3. Those segments form a bi-infinite 



sequence over the alphabet {0,0,1,1,2,2,3,3}. Call a bi-infinite 
sequences over this alphabet admissible if it appears on the edge of a proper 
tiling of a half-plane. We need to find admissible sequences ai, 0^2 such that 
Q^i = 7/^1 and 0:2 = 7/32 for some 7 and different f3i, (32- 

To this end consider the tiling {Gjssss . . . where G is a small hexagon. 
By Theorem[H]it tiles a half-plane. We will represent the sequence of oriented 
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segments along the edge of the tihng {Gjssss ... in the form P^wP where /3 
and w have the following properties. Both /3 and w are sequence of segments 
1,1,3,3, where /3 is infinite and w is finite, denotes the mirror image 
of P and w is different from its own mirror image w^. Then we will let 

7 = /3^ Pi = wP, P2 = w''p. 

The sequences P\ and P2 are different, since w 7^ . 
Let 

w = tt^^ 

and let 

/3 = 60 62 &4 &6 • • • 

where stands for the sequence of segments on the back of the standard 
tiling of level n — 1 in the direction from top to bottom: 60 = 1 , ^2 = 1 3 , 
and so on. Looking at Fig. p one can verify that for all even n ^ the 
sequences bn and (where 0^ denotes the mirror image of 6„) satisfy the 
recurrence ^ ^ ^ 

bn+4: = bn+lbn-i bn+4 = b^bn 



By construction we have 

P^wP = ... Xt'4t'2X^^^^b^'bi'lhbt ■ ■ ■ 

Let a denote the sequence that appears at the edge of the tiling {Gjssss . . . . 
We need to show that P = a. To this end notice, that a is the limit of the 
sequence of finite strings 

b!) Cbt cX ^ ■■■ 

defined by the above recurrence. More precisely, computing the limit, we 
assume that b^n+A extends 04„+2 to the right (by appending 04„) and b^n+e 
extends 64^+4 to the left (by prepending bin+2)- That is, 

a = ... Ihobtb^t^X)KX ■ ■ ■ 
To show that P = a rewrite this this equality using the above recurrence: 

a = . . . ^^^^&2^^&0 &2^&6 • • • 

= . . .t^t^t^t^t^wb^b^b^b^ ■ ■ ■ = P^wP. □ 
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Figure 10: Solid and dotted lines 

4 Ammann lines 

Plot straight line segments (solid and dotted) inside the large and small 
Ammann hexagons, as shown in Fig. [101 

Theorem 15. For every proper tiling of a convex part of the plane solid line 
segments form two families of parallel lines. The same holds for dotted lines. 

Proof. Let a proper tiling T of a convex set be given. Let us prove first that 
solid line segments in T form two families of parallel lines. Let us call a point 
of the plane special if it lies on a side of a hexagon in T and belongs to a 
solid line segment. 

First, we need to verify that all lines form the same angle with the hexagon 
sides. This is easy to check looking at Fig. [TOl Second, we have to show that 
every line segment is continued beyond its ends (which are special points) in 
the same direction, except for edges of the tiling. 

Let us distinguish the following three types of special points: 

• points of degree 4 where right angles of four different hexagons meet; 

• points of degree 3 where two right angles and a side of a hexagon meet; 

• points of degree 2 which are inner points of sides of two attached 
hexagons. 
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Every special point is a starting point of an arrow and an ending point 
of another arrow. Notice that the arrow type determines uniquely what is 
drawn in a small neighbourhood of the arrow. 



? 



This is easy to verify by a look at Fig. [TOl 

This implies the solid line segments are symmetrical in a small neighbour- 
hood of every arrow. In particular, in all points of degree 4 line segments 
continue each other (composition of two axial symmetries is a central sym- 
metry). Every special point of degree 3 and 2 is an inner point of a side of a 
hexagon in T. Such points occur only where arrow 6 is continued by arrow 4 
(this is easily checked on Fig. [TOj) . The solid lines are symmetrical in every 
hexagon in a small neighbourhood of every such point: 




6 4 



Again we obtain a composition of two axial symmetries. 

For dotted lines we cannot use similar arguments: they are not symmet- 
rical in a neighbourhood of an arrow 6. To prove the statement for dotted 
lines notice that coarsening turns dotted lines into solid ones. Thus we can 
use Lemma H] and the proven statement for solid lines. □ 



4.1 Intervals between lines 

Let a proper ci-tiling of a convex set be given. As we have seen, solid Am- 
mann lines for that tiling form two families. Each family has the following 
properties. 

Theorem 16. (a) Intervals between Ammann lines are of two lengths, I and 
lip'^ (for some I depending on d). There are no consecutive intervals of length 
lip^. (b) Choose a direction along a line orthogonal to lines of the family and 
erase all Ammann lines next to which to the left there is a small interval. 
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Then shift all remaining Ammann lines to the left by 1/2. The resulting 
family is one of the two families of solid lines for the tiling which is obtained 
from the original one by two coarsenings. 

Remark 4 . Dotted lines are solid lines for the coarsening of the original tiling. 
Hence they also have properties (a) and (b). 

Proof. By Theorem [10] every finite part of a proper tiling is included into 
a sufficiently large finite standard tiling. Therefore it suffices to prove the 
statements for finite standard tilings of even level. 

(a) Let a standard tiling of even level be given. It tiles a part of the plane 
which is an Ammann hexagon. Draw on the back of that hexagon all special 
points. It suffices to show that intervals between them satisfy statement (a). 
We first show that those intervals are of lengths and 2a^ only. 

Lemma, (a) The back of every standard tiling of even level consists of arrows 
6,6,4,4 and only the following pairs of consecutive arrows can occur in 
it: 

~tX 

(b) The sequence of arrows 4 o-nd 6 on the back of standard tiling of even 
level 2n + 2 can be obtained from the analogous sequence of level 2n by the 
substitution 

-> ^, 't (5) 

Proof. This lemma is very similar to Lemma [13] and is proven by the same 
arguments. To show (b) it is enough to notice that double refinement trans- 
forms the back of a standard tiling of level 2n + 2 into the back of standard 
tiling of level 2n. On the other hand, double application of the mapping ([1]) 
yields the mapping (|5|). 

The statement (a) is proven by induction. The base of induction: the 
back of the standard tiling of level equals 6 4 4 and thus satisfies (a). 
Inductive step: the mapping (jSj) respects (a). □ 

Notice that special points are exactly starting points of arrows By 
the statement (a) the sequence of arrows on the back of every standard tiling 
of even level consists of blocks 4 4 and 6 6 (except possible for the first 
and the last arrow, which can be only 4 , 6 and 4,6, respectively). The 
length of the blocks 4 4 and 6 6 are 2a^, 2q;^, respectively, which proves 
the first part of statement (a). To the left and to the right of the block 6 6 



27 



only the block 4 4 can occur (or the first or last single arrow), as the pair 
6 6 is not allowed. Hence there are no two consecutive intervals of length 
between special points. 

(b) Erasing lines between a small interval and a large interval corresponds 
to erasing specialj)mnts_that happen to be the starting points of arrows 
4 inside blocks 6 6 4 4. Shifting to the left by a half of large interval 
corresponds to moving all special points from the beginnings of arrows 4 to 
their ends. After performing these two operations, special points_cut the 
sequence of arrows on the back of a standard tiling into blocks 4 6 _6 ^ and 
4 4 . Double coarsening using maps those blocks to blocks 4 4 and 
6 6 , respectively. Those blocks corresponds to the intervals between the 
lines of doubly coarsened tiling. □ 



5 An aperiodic Wang tiles set 

In this section we derive from the results of previous sections the existence 
of a set of Wang tiles that can tile the plane but only aperiodically. This is 
a well known fact, the first such set appeared in [2]. 

A Wang tile [3j is a square of size 1x1 whose sides have colours (all points 
of each side have the same colour) . A tiling of a plane by Wang tiles is proper 
if every two adjacent sides of different tiles in it have the same colour. A 
set of Wang tiles is aperiodic if using tiles of that set we can properly tile 
the plane (each tile can be used infinitely many times, rotation of tiles is 
prohibited) and every proper tiling is aperiodic. 

More formally, a tile set is a family F of functions from {N, W, S, E} 
to {l,...,m}, where m stands for the number of colours, and N,W,S,E 
mean North, West, South and East and stand for the names of the sides 
of tiles. A tiling by tiles from F is a mapping U from Z x Z to F. It is 
proper if for all pairs (i,j) of integer numbers, U{i,j + 1){S) = U{i,j){N) 
and U{i + l,j){W) = U{i, j){E). It is periodic if for some a,b and all i,j 
it holds U{i + a, j + b) = U{i,j) and at least one of integers a, b is different 
from 0. 

Theorem 17 ([2]). There is an aperiodic set F of Wang tiles. 

The proof based on Ammann tilings. We will construct first a different thing. 
That y4 be a colouring of Z x Z in colours, that is, a mapping from Z x Z 
to {1, 2, ... , k}. Let n he a natural number. Look at A through windows of 
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size n X n. Depending on the position of the window we can a see a picture, 
which is a mapping from n x n to {1,2, . . . , k}. Namely, through the window 
whose bottom left corner is located at we can see the picture P defined 
by equation P{x, y) = A{i + x,j + y)). Let An stand for the set of all pictures 
we can see in A through windows of size n x n. 

Lemma. There are a natural k and a mapping A from Z x Z to {1, 2, . . . , A;} 
such that every mapping B from TL x TL to {1,2, ...,A;} vjith C A^ is 
aperiodic. 

Proof. Fix a proper tiling T of the plane by large and small Ammann hexagons 
Plot all solid Ammann lines for that tiling. They divide the plane into par- 
allelograms of four sizes, 2a^ x 2a^, 2a'^ x 2a^, 2a^ x 2a'^ and 2a^ x 2a^. 
Every parallelogram has some arrows inside it. Let us label every such arrow 
by two letters L, S indicating which hexagon is to the right and to the left of 
the arrow (the direction of arrows allows to distinguish the left hand and the 
right hand sides). It is not hard to see that there are only finitely many types 
of such parallelograms (two parallelograms with arrows are of the same type 
if they are congruent). Indeed, from Fig. [10] it is clear that solid lines divide 
hexagons in 5 parts. Counting isometric images we get at most 5 x 4 x 2 = 40 
parts. Those parts can be properly attached to each other in finitely ways 
to build a parallelogram of size at most 2a^ x 2a^. 

Let k be equal to the number of different types of parallelograms. The 
parallelograms in the tiling T behave like Wang tiles: a side of one parallelo- 
gram is attached to a side of another one. Thus our tiling defines a mapping 
AfromZx Zto {l,...,k}. 

It remains to show that every other mapping B from Z x Z to {1, . . . , A;} 
with i?3 C A3 is aperiodic. To this end fix any such B. Replace on the 
plane, for all pairs (i, j) of integers, the unit square with the bottom left 
corner {i,j) by the parallelogram B{i,j). We will obtain a tiling of the 
plane by parallelograms. Indeed, only parallelograms of the same horizontal 
size are vertically adjacent in A. Hence B has the same property (vertical 
adjacency can be seen even through windows of size 1x2). The same applies 
to horizontally adjacent parallelograms. 

Arrows inside parallelograms of that tiling divide the plane into Ammann 
hexagons. Indeed, any anomaly could be observed inside a part consisting 
of 3 X 3 parallelograms (as every Ammann hexagon has at most two parallel 
solid line segments and thus is divided by them in at most 3 parts). This 
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tiling, call it T, is proper (we do not need prove this, as this follows from the 
construction of the tiling). 

We have seen that every proper Ammann tiling of the plane is aperiodic. 
We will deduce from this that B is aperiodic as well. For the sake of contra- 
diction assume that B is periodic: there is a non-zero shift (7 of Z x Z that 
preserves B. We would like to conclude from this that T is periodic as well. 
The shift g defines in a natural way a mapping / :Mx]R— >Rx]R: a point 
{x,y) inside a parallelogram B{i,j) is mapped by / to the same point inside 
B{g{i,j)). This mapping preserves T (that is, f{H) G T for all H & T) and 
has no fixed points {f{H) 7^ H for all H & T). Unfortunately, parallelograms 
are of different sizes. By this reason / is not a shift. However, it moves each 
point at a bounded distance. By Remark [3] we are done. □ 

Let derive the theorem from the lemma. Let the set of Wang tiles consist 
of all pictures from ^3. The colour on the West side of a picture is the content 
of the strip of size 2x3 along the West side of the picture. Colours on other 
sides of Wang tiles are defined in a similar way. Tilings of a plane by these 
tiles correspond in a natural way to mappings B from Z x Z to {l,...,/c} 
with i?3 C ^3. This correspondence respects periodicity, so the theorem is 
proved. □ 
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6 Appendix 

6.1 Every almost proper tiling of a convex set is proper 

First notice that in the proof of item (b) of Lemma H] we have not used 
orientation of coloured segments. This implies that every almost proper 
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tiling T has the coarsening T' . 

Second we show tha^every almost proper tiling of a convex set is propCT 
with respect to arrows 6 : if two hexagons if, G from T share a segment 6 
then it has the same orientation in H and G. This is obviously true if H or 
G is small and ~^ lies in its cavity. Except the occurrence in the cavity of 
small hexagon, the arrow ~^ occurs three times in Ammann hexagons: on 
the bottom of a small hexagon and on the front and back of a large hexagon. 
These three occurrences form six unordered pairs. So we have to show that 
the following six pairs cannot occur in an almost proper tiling of a convex 
set: 
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For three top pairs this is obvious. For the third and fourth pairs, the bottom 
small hexagon should have a brother: 
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In both cases in is impossible to fill in the cavity with sided coloured in 4, 3, 
4. 

For the sixth pair, the angle between sides 3 and 4 can be filled only by 
an angle of the large hexagon: 



Notice that the cavity with sides 5, 4, 5 cannot be filled. 

Third wc show that the coarsening T' of every almost proper tiling T of 
a convex set is almost proper as well. Recall how we have proved a similar 
statement for proper tilings. We noticed that the standard colouring of T' 
can be obtained in three steps: (1) colouring in the standard way all hexagons 
in T, (2) replacing every pair (brother, sister) in T by their common parent, 
leaving all colours on sides as they are and (3) replacing in each hexagon in 
T' the colours using the reverse transformation on arrows: 





t 




t 








t 




t 




t 




t 




t 



32 



Then we showed that the standard colouring of T has the following property: 
if a hexagon H G TMias a pattern 6 4 and another hexagon G & T shares 
with^if the arrow 4 from t_lus pattern, then the arrow 4 is also preceded 
by 6 in G or that segment 6 is shared by the sister K E T of H. This was 
implied by the assumption that the shared arrow 6 has the same orientation 
in H and K (see Fig.E]). Recall that we have just proved that this assumption 
holds for almost proper tilings as well. Thus almost proper tilings also have 
this property. 

Finally, apply the coarsening to a given almost proper tiling T. In the 
resulting almost proper tiling Ti all adjacent segments with colour 6 have the 
same orientation. Then perform the refinement back. The oriented segments 
coloured 6 are transformed to oriented segments coloured 5. This proves that 
T is also proper with respect to segments coloured 5. For segments coloured 
4 we need to perform two coarsenings and then two refinements, and for 
segments coloured 3 three coarsenings and then three refinements. 

6.2 The list of allowed pairs 

Recall that a pair {G, H) of Ammann hexagons is called allowed if G, H 
share a common segment of their boundary and the pair (G, H) appears in a 
standard tiling. By Theorem [1] all shared points in such G, H must the same 
colour and orientation. 

It turns out that all allowed pairs appear in Fig. [3] (we omit the proof of 
this). Thus we will just list all the pairs of adjacent hexagons from there. 
We will divide the list in three parts, depending on whether G and H are 
large or small. 

6.2.1 Both G and H are small 

There are only 2 allowed pairs (out of all 6 pairs of properly attached hexagons): 
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6.2.2 Both G and H are large 

There are 7 such allowed pairs (out of all 9 pairs of properly attached 
hexagons) : 



6.2.3 G is small and H is large 

There are 6 such allowed pairs (out of all 12 pairs of properly attached 
hexagons) : 
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